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1. Introduction 

The main theme of the present note is the study of the deformations in the 
large of compact complex manifolds. Even when these manifolds are Kahler, 
we shall study their deformations without imposing the Kahler assumption. 

Recall in fact that (cf. e.g. |K-M71p a small deformation of a Kahler 
manifold is again Kahler. This is however (cf. IHir62p false for non small 
deformations. 

In general, Kodaira defined two complex manifolds X', X to be directly 
deformation equivalent if there is a proper holomorphic submersion vr : 
S ^ A of a complex manifold S to the unit disk in the complex plane, such 
that X, X' occur as fibres of vr. If we take the equivalence relation generated 
by direct deformation equivalence, we obtain the relation of deformation 
equivalence, and we say that X is a deformation of X' in the large if X, X' 
are deformation equivalent. 

These two notions extend the classical notions of irreducible, resp. con- 
nected components of moduli spaces. However, outside of the realm of pro- 
jective manifolds, not so much is known about deformations in the large of 
compact complex manifolds, since the usual deformation theory considers only 
the problem of studying the small deformations. 

Just to give an idea of how limited our knowledge is, consider that only in 
a quite recent paper ( |Cat02j ). of which this one is a continuation, we gave a 
positive answer to a basic question raised by Kodaira and Spencer (cf. |K-S58j . 
Problem 8, section 22, page 907 of volume II of Kodaira's collected works), 
showing that any deformation in the large of a complex torus is again a complex 
torus (in ^K-S58j only the case n=2 was solved, cf. Theorem 20.2). 

The usual strategy to determine the deformation equivalence class of a com- 
pact complex manifold X is to construct as big a family S — > i3 as possible, 
where S is a connected analytic space, and then try to prove 

• The family is versal, i.e., for each fibre Xq, we get a local surjection 
(i3, 0) Def^Xo) onto the Kuranishi family of Xq. 



^The present research took place in the framework of the Schwerpunkt " Globale Methode 
m der komplexen Geometric", and of the EAGER EEC Project. 
Date: October 13, 2002. 
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• Given any 1-parameter family vr : S' ^ A with the property that there 
exists a sequence — > such that Xt^, Vz/, occurs as a fibre in the 
family S, then the same property is also enjoyed by Xq . 

In this paper we shall begin to go further, considering manifolds which are 
torus fibrations, and since we will make extensive use of results and techniques 
from f |Cat02j ). in the second section we will reproduce and extend some of 
those for the reader's and ours benefit. In particular one can find a complete 
proof of 

Theorem 2.1 : Every deformation of a complex torus of dimension n is a 
complex torus of dimension n} 

In section 3 we shall consider the general situation of a holomorphic fibration 
f : X Y with all the fibres complex tori (equivalently, by theorem 2.1, with 
all the fibres smooth and with one fibre isomorphic to a complex torus). 

We shall set up a standard notation, and we shall give criteria for / to 
be a holomorphic torus bundle, respectively a principal holomorphic torus 
bundle. The main result is proposition 3.4, describing explicitly all principal 
holomorphic torus bundles over curves. 

Proposition 3.4 : Any principal holomorphic torus bundle X over a curve 
Y is a quotient X = L/N of a suitable holomorphic {C*Y-bundle L over Y by 
a suitable discrete cocompact subgroup N of {C*Y. 

Section 4 treats first the general problem of determining the small deforma- 
tions of torus bundles, and then the main Theorem 4.4 asserts that when 
the base is a curve of genus > 2, then all the small deformations of a principal 
holomorphic torus bundle are again holomorphic torus bundles. 

The short Section 5 is devoted to showing that the families of principal 
holomorphic torus bundles on curves constructed in section 4 yield all the 
deformations in the large of such manifolds. 

Theorem 5.1 : ^4 deformation in the large of a holomorphic principal torus 
bundle over a curve C of genus g > 2 with fibre a complex torus T of dimension 
d is again a holomorphic principal torus bundle over a curve C of genus g. 

Section 6 is instead quite long and develops a classification theory for prin- 
cipal holomorphic torus bundles over tori. This theory bears close similarities 
with the theory of line bundles over tori, as follows. Namely, assume that we 
have such a torus bundle over Y = V/T and with fibre T = U/A. 

Then the homomorphism of fundamental groups vri(X) t^iO^) = F is 
a central extension with kernel A and is completely classified by a bilinear 
alternating form A : F x F — A. 

We have a vector analogue of the Riemann bilinear relation, since viewing 
A as a real element of 

A\r ® M)^ ® (A ® R) = A\V © Vy ® (f/ © f7), 

its component in A'^{Vy © (U) is zero. 

^Marco Brunella pointed out that a weaker result in this direction had been obtained by 
A. Andreotti and W.Stoll in the paper "Extension of holomorphic maps", Annals of Math. 
72, 2 (1960), 312-349. 
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The Riemann bilinear relation enables us to construct a universal family of 
such bundles, for each given choice of the extension class A. Namely, we take 
first the possible subspaces U G (F M) , V G (A ® M) such that the Riemann 
bilinear relation holds, and in this way we obtain a family which we call the 
standard Appell Humbert family. 

From this family we obtain the so called complete Appell Humbert family, 
which contains all such principal holomorphic bundles with given form A, as 
stated by 

Theorem 6.8 Any holomorphic principal torus bundle with extension class 
isomorphic to e G if^(F,A) occurs in the complete Appell-Humbert family 
T'Ba. 

The similarity with the theory of line bundles on tori, namely with the The- 
orem of Appell-Humbert, is that we are able to explicitly write the classifying 
group cocycle as a linear function easily determined by the extension class and 
by the complex structures V on the base, respectively U on the fibre. 

We show later the advantages of having such a realization of these bundles 
via explicit cocycles, namely how one can explicitly calculate several holomor- 
phic invariants of such bundles using the bilinear algebra data of the extension 
class, we have for instance 

Theorem 6.10 The cokernel of ^ -ff*^(riy) H'^{Q\) is the subspace 
of which annihilates the image of the Hermitian part of A, i.e., of the 
component B" in [(V (g) Vy ® (U)]. 

It follows in particular that X is parallelizable if and only if the Hermitian 
part of A is zero. 

Corollary 6.11 The space H^{dOx) of closed holomorphic 1-forms on X 
contains the pull- back of H^{Qy) with cokernel the subspace U* of U"^ which 
annihilates the image of A, i.e., U* = {f3\f3 o A{z,'~f) = V7, Vz}. 

Theorem 6.12 The cokernel ofO H^{Oy) H^{Ox) is the subspace of 
tJ"^ which annihilates the image of the anti-complex component B' of A, i.e., 
of the conjugate of the component in [{A'^Vy (f^)]- 

As the reader might have noticed, we give necessary and sufficient conditions 
for the parallelizability of X, showing thus (a fact pointed out by Nakamura 
already many years ago, cf. ^ Nak7 5j) easily that this notion is not deformation 
invariant. 

Via similar calculations, we determine (Proposition 6.16) the cohomology 
algebra Q)iH'-{Ox) of the structure sheaf, and ( Corollary 6.15) the cohomology 
groups of the Tangent sheaf of X. 

With these calculations we are able to show (Theorem 6.17) that the com- 
plete Appell Humbert family is versal for the manifolds X corresponding to 
smooth points of the base of the family, if suitable assumptions hold for A, 
and in the case where the fibre dimension is 1. 

For lack of time we defer to the future the investigation of the small defor- 
mations in the general case, which is a necessary step for the investigation of 
the deformations in the large. 
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We finish the section by considering in detail the classical example of the 
Iwasawa 3-fold, and of its small deformations. 

Finally, in section 7, we recall the definition (cf. |Catn2j ) of Blanchard- 
Calabi torus fibrations, and using the result of section 5 we obtain as a con- 
sequence that the space of complex structures on the differentiable manifold 
underlying the product of a curve with a complex torus of dimension 2 has 
several distinct deformation types, namely we have the following 

Corollary 7.8 

The space of complex structures on the product of a curve C of genus g > 2 
with a four dimensional real torus contains manifolds which are not deforma- 
tion equivalent to each other, namely, Blanchard-Calabi 3-folds which are not 
Kdhler and holomorphic principal bundles in the family Tgfl. 

2. Tori 

It is well known that complex tori are parametrized by a connected family 
(with smooth base space), inducing all the small deformations (cf. |K-M71j ). 

In fact, we have a family parametrized by an open set 7^ of the complex 
Grassmann Manifold Gr{n, 2n), image of the open set of matrices 

{n e Mat{2n,n;C)\det{nn) > 0}. 

We recall this well known fact: if we consider Z^" as a fixed lattice, to 
each matrix Q as above we associate the subspace U = (fi) (€"■), so that 
U e Gr{n, 2n) and Z^" (g) C ^ f/ © U. 

Finally, to Q we associate the torus U/pu{'^'^"'), pu '■ U ®U ^ U being the 
projection onto the first addendum. 

The above family will be the main object we shall have in mind. 

We also want to recall from ( |Cat02j ) the following first result: 

Theorem 2.1. Every deformation of a complex torus of dimension n is a 
complex torus of dimension n. 

In fact this proof uses several useful lemmas (some of them well known) 
which will be here slightly generalized, for further use in the sequel. The first 
two are due to Kodaira (for the first, cf. |Ko64j . Theorem 2, page 1392 of 
collected works, vol. Ill) 

Lemma 2.2. On a compact complex manifold X one has an injection 

H\dOx)®W{dOx)^ nhniXX). 

PROOF. Suffices to show that the map H^{dOx) i/i^(X,M), sending 

u u + u 

is an injection. Else, there is a function / with df = u + u, whence df = u 
and therefore ddf = d{u) = 0. Thus / is pluriharmonic, hence constant by 
the maximum principle. Follows that u = 0. Q.E.D. 
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Recall (cf. |Bla56j and |Ue75j ) that for a compact complex manifold X, the 
Albanese Variety Alb{X) is the quotient of the complex dual vector space of 
H^{dOx) by the minimal closed complex Lie subgroup containing the image 
oiHi{X, Z). 

The Albanese map ax '■ X Alb{X) is given as usual by fixing a base point 
Xq, and defining ax{x) as the class in the quotient of the functional given by 
integration on any path connecting Xq with x. 

One says the the Albanese Variety is good if the image Hi{X) of Hi{X, Z) 
is discrete in H^{dOx), and very good if it is a lattice (a discrete subgroup 
of maximal rank). Moreover, the Albanese dimension of X is defined as 
the dimension of the image of the Albanese map. 

With this terminology, we can state an important consequence of an inequal- 
ity due to Kodaira 

Lemma 2.3. On a compact complex manifold X one has an injection 

W{dOx)^H\X, Ox). 
In particular, if bi{X) is the first Betti number of X, we have the inequalities 

2h\X, Ox) > h\X, Ox) + h^'idOx) > bi{X). 

If both equalities hold, then X has a very good Albanese variety, of dimension 
h\X,Ox) = h%dOx) = \b^{X). 

PROOF. We claim that the map H^{dOx) ^ H\X,Ox) = Hl{X,Ox), 
is injective. Else, we have u with dui = and du = such that there is a 
function / with Bf = u, whence ddf = —d{uj) = 0. Thus we conclude as in 
the preceding lemma: / is pluriharmonic, whence constant, thus u = 0. 

The second assertion follows easily from the exact cohomology sequence 
H'^idOx) ^ H\X,C) ^ H\X,Ox) 

and from the first. 

Finally, if equality holds it follows that the injection 

H'^idOx) © H^dOx) - H},^{X, C) 

is an isomorphism, whence Hi^X^Ij) / {Torsion) maps isomorphically to 
a lattice IIi{X) in the dual vector space of H^{dOx), thus Alb{X) = 
H\dOx)V{H^{X)). Q.E.D. 

Lemma 2.4. Assume that {Xt\t&/\ is a 1 -parameter family of compact complex 
manifolds over the 1-dimensional disk, such that there is a sequence tj, — > 
with Xf^ satisfying the weak 1-Hodge decomposition 

KniXo, C) = H^dOxo) © H%dOxo). 

Then the weak 1-Hodge decomposition holds also on the central fibre Xq. 

PROOF. We have / : S ^ A which is proper and smooth, and 
is torsion free, whence (A is smooth of dimension 1) it is locally free of rank 
h>q:= (1/2) 6i(Xo). 
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In fact, the Base change Theorem asserts that there is ( cf. |Mum70j . II 5, 
and |GR84j ) a complex of Vector Bundles on A, 



(*) ^ ^ ^ ...E" s.t. 

l)i?*/*(^E:|A) ^"^^ cohomology group of (*), whereas 

2)if*(Xj, is the i-th cohomology group of (*) (S> Q. 

We may shrink the disk A so that the rank of Ei — > -Ej+i is constant for 
t 7^ 0, and thus as a consequence, there is an isomorphism between H^{Xt, ^xj 
and the stalk ® Q. 

We first see what happens instead on the central fibre, where the space 
H^{Xo,Qx^) can have a higher dimension 

CLAIM 1. 

There are holomorphic 1-forms uJi{t), ...uJh{t) defined in the inverse image 
f~^{Uo) of a neighbourhood (Uq) of , and such that their restriction to Xt 
are linearly independent Vt e Uq. 

PROOF OF CLAIM 1: assume that uji{t), ...ujh{t) generate the direct image 
sheaf /^(f^li^), but ui{0), ...u!h{0) be linearly dependent. Then, w.l.o.g. we 
may assume ti;i(0) = 0, i.e. there is a maximal m such that ci)i(t) := uji{t)/t"^ 
is holomorphic. Then, since 0)1 (t) is a section of there are holomor- 

phic functions such that uJi(t) = jjai(t)u;i(t), whence it follows that 
c^i(t)(l - = Ei=2,..h(yi{t)ui{t). 

This however contradicts the fact that f^:{Qh^^) is locally free of rank h. 

CLAIM 2: 

H^{dOxo) dimension > q. 
PROOF OF CLAIM 2. 

Let dy be the vertical part of exterior differentiation, i.e., the composition 
of d : — i> f2| with the projection — > ^^||^). 

It clearly factors through an /*(9A-linear map d'^ : fiij^ 

Taking direct images, we get a homomorphism of coherent sheaves f*{d'^) : 
f^{Qi^^) — > whose kernel will be denoted by H. 

By our assumption, for each t,y we have a g-dimensional subspace Ht^ := 
H\dOxJoiH\X,^,n\J. 

Therefore, as 0, we have a limit in the Grassmann manifold Grass{q, h) 
of the family {-ff*^}, whence a subspace Hq of dimension q. Taking suitable 
bases, ujiifi) of Hq, resp. oJiity) of Ht^ we see that, since oJiity) is (ii,-closed, by 
continuity it follows that also c<jj(0) G H^{dOxo)- 

END OF THE PROOF: 

It follows from lemma 2.2 that, being h = 2q, /f^^(Xo,C) = H^{dOxo) ® 
H\dOx,). 

Actually, by the base change theorem follows that Ti is free of rank q and 
it enjoys the base change property that its stalk H <Si Ct corresponds to the 
subspace H^{dOxt)- 
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Q.E.D. 

Corollary 2.5. Assume that {Xt}teA is a 1 -parameter family of compact com- 
plex manifolds over the 1- dimensional disk, such that there is a sequence t^ ^ 
with Xt^ satisfying the weak 1- Hodge property, and moreover such that Xt^ 
has Albanese dimension = a. 

Then the central fibre Xq has a very good Albanese Variety, and has also 
Albanese dimension = a. 

PROOF. We use the fact (cf. |Cat91j ) that, when the Albanese Variety is 
good, then the Albanese dimension of X is equal to max{i\ h}H^{dOx) ® 
K'H^{dOx) H^r{X,C) has non zero image }. 

If the weak 1-Hodge decomposition holds for X, then the Albanese dimension 
of X equals (1/2) max{j\A^ H^{X,C) has non zero image in {X,C)}. But 
this number is clearly invariant by homeomorphisms. 

Finally, the Albanese Variety for Xq is very good since the weak 1-Hodge 
decomposition holds for Xt^ whence also for Xq by the previous lemma. 

Q.E.D. 

Remark 2.6. As observed in /" ICatQSj . 1.9), if a complex manifold X has a 
generically finite map to a Kdhler manifold, then X is bimeromorphic to a 
Kdhler manifold. This applies in particular to the Albanese map. 

Theorem 1.1 follows from the following statement 

Theorem 2.7. Let Xq be a compact complex manifold such that its Kuranishi 
family of deformations n : E ^ B enjoys the property that the set B(torus) := 
is isomorphic to a complex torus} has as a limit point. 

Then Xq is a complex torus. 

We will use the following "folklore" 

Lemma 2.8. Let Y be a connected complex analytic space, and Z an open set 
ofY such that Z is closed for holomorphic 1-parameter limits ( i.e., given any 
holomorphic map of the 1-disk f : A Y , if there is a sequence ti, ^ with 
f{t^) G Z, then also /(O) E Z). Then Z = Y. 

PROOF OF THE LEMMA. 

By choosing an appropriate stratification of Y by smooth manifolds, it suf- 
fices to show that the statement holds for Y a connected manifold. 

Since it suffices to show that Z is closed, let P be a point in the closure of 
Z, and let us take coordinates such that a neighbourhood of P corresponds to 
a compact polycylinder if in C". 

Given a point in Z, let H' be a maximal coordinate polycylinder contained 
in Z. We claim that H' must contain if, else, by the holomorphic 1-parameter 
limit property, the boundary of H' is contained in Z, and since Z is open, 
by compactness we find a bigger polycylinder contained in Z, a contradiction 
which proves the claim. 
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Q.E.D. for the Lemma. 

PROOF OF THEOREM 2.7. 

It suffices to consider a 1-parameter family {B = A) whence we may assume 
w.Lo.g. (cf. the proof of Lemma 2.4) that the weak 1-Hodge decomposition 
holds for each t G A. 

By integration of the holomorphic 1-forms on the fibres ( which are closed 
for and for 0), we get a family of Albanese maps : — > Jt, which 
fit together in a relative map a : S — > J over A ( is the complex torus 

Apply once more vertical exterior differentiation to the forms uji{t): dy{uJi{t) 
vanishes identically on Xq and on Xt^, whence it vanishes identically in a 
neighbourhood of Xq, and therefore these forms uJi{t) are closed for each t. 

Therefore our map a : S — J is defined everywhere and it is an isomorphism 
for t = ty. 

Whence, for each t, at is surjective and has degree 1. 

To show that at is an isomorphism for each t it suffices therefore to show 
that a is finite. 

Assume the contrary: then there is a ramification divisor R of a, which is 
exceptional (i.e., if i? = a(i?), then dimB < dimR). 

By our hypothesis at is an isomorphism for t = t^, thus R is contained in 
a union of fibres, and since it has the same dimension, it is a finite union of 
fibres. But if R is not empty, we reach a contradiction, since then there are 
some fs such that at is not surjective. 

Q.E.D. 

We have also a more abstract result 

Proposition 2.9. Assume that X has the same integral cohomology algebra 
of a complex torus and that H^{dOx) has dimension equal to n = dim{X). 
Then X is a complex torus. 

PROOF. 

Since bi{X) = 2n, it follows from 1.2 that the weak 1-Hodge decomposition 
holds for X and that the Albanese Variety of X is very good. 

That is, we have the Albanese map ax : X ^ J, where J is the complex 
torus J = Alb{X). We want to show that the Albanese map is an isomorphism. 
It is a morphism of degree 1, since ax induces an isomorphism between the 
respective fundamental classes of if^"(X, Z) = if^"(J, Z). 

There remains to show that the bimeromorphic morphism ax is finite. 

To this purpose, let R be the ramification divisor of ax : X ^ J, and B its 
branch locus, which has codimension at least 2. By means of blowing ups of J 
with non singular centres we can dominate X by a Kahler manifold g : Z ^ X 
(cf. !Oat95j 1.8, 1.9). 
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Let be a fibre of ax of positive dimension such tliat g^^W is isomorpliic 
to W. Since Z is Kaliler, g~^W is not liomologically trivial, wlience we find a 
differentiable submanifold Y of complementary dimension wliicfi lias a positive 
intersection number with it. But then, by the projection formula, the image 
g^X has positive intersection with W , whence W is also not homologically 
trivial. However, the image of the class of is on J, contradicting that ax 
induces an isomorphism of cohomology (whence also homology) groups. 

Q.E.D. 

Remark 2.10. The second condition holds true as soon as the complex di- 
mension n is at most 2. For n = 1 this is well known, for n = 2 this is also 
known, and due to Kodaira / |Ko64j ).• since for n = 2 the holomorphic 1-forms 
are closed, and moreover {dO x) is at least [(l/2)6i(X)]. 

For n > 3, the real dimension of X is greater than 5, whence, by the s- 
cobordism theorem ( IMazGRj ). the assumption that X be homeomorphic to a 
complex torus is equivalent to the assumption that X be diffeomorphic to a 
complex torus. 

Andre Blanchard /" )Bla53j ) constructed in the early 50 's an example of a 
non Kdhler complex structure on the product of a rational curve with a two 
dimensional complex torus. In particular his construction (cf. |Somm75] ). 
was rediscovered by Sommese, with a more clear and more general presentation, 
who pointed out that in this way one would produce exotic complex structures 
on complex tori. 

There remains however open the following 

QUESTION: let X be a compact complex manifold of dimension n > 3 and 
with trivial canonical bundle such that X is diffeomorphic to a complex torus: 
is then X a complex torus ? 

The main problem here is to show the existence of holomorphic 1-forms, so 
it may well happen that also this question has a negative answer. 

3. Generalities on holomorphic torus bundles 

Throughout the rest of the paper, our set up will be the following: we have 
a holomorphic submersion between compact complex manifolds 

f:X^Y, 

such that one fibre F (whence all the fibres, by theorem 2.1) is a complex 
torus. 

We shall denote this situation by saying that / is differentiably a torus 
bundle. 

We let n = dimX, m = dimV, d = dimF = n — m. 

The case where c? = 1 is very special because the moduli space for 1- 
dimensional complex tori exists and is isomorphic to C. Whence it follows 
that in this situation (unlike the case c? > 2) / is a holomorphic fibre bundle. 
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In any dimension, we have (e.g. by a much more general theorem of Grauert 
and Fischer ( cf . |FG65j ) ) that / is a holomorphic bundle if and only if all the 
smooth fibres are biholomorphic. 

For any differentiable torus bundle we have a local system on Y, 

(1) e := n'f.Zx 

and, by the exponential sequence — > Zx — > Ox Ox 0, if we define 

(2) V^:=7^V*Ox, 
then we get another exact sequence 

(3) ^W^ ^M®Oy ^0 
of holomorphic vector bundles, where 

(4) W"" := f.n\^y. 

Here, H yields an M-basis of at each point, and the same holds for 
:= HomiiW^Z) via the exact sequence 

(5) ^ V ^ H'' ® Oy ^ ^ 

so that one obtains another differentiable bundle of complex tori, the so called 
Jacobian of X, which is a bundle of Lie groups 

Jac(X) := W/M^. 

By Hodge Symmetry the real flat bundle H[^®Oy splits as a direct sum V©V, 
and = V as complex vector bundles. We finally have the cotangent sheaves 
exact sequence 

(6) ^ f*n\ 

by which it follows 

{7} Kx = nKY + detW''). 
In general, the derived direct image cohomology sequence of (6) 

(8) o^Q].^ /,^]^ f,Q]^^y -> fi^ ® n^f.Ox ^ .. 

is such that the coboundary map is given by the Kodaira-Spencer class in 
H^^^fly ® TZ^ f*'Hom{Qx\Y^ Ox)) which vanishes exactly when / is a holomor- 
phic fibre bundle. In this case we have then an exact sequence 

(8) o^n'y^ ^ fMx\Y ^ 0. 

Remark 3.1. An immediate corollary of (6) is thatX is complex parallelizable, 
i.e., trivial, only ifY is par allelis able and W is trivial on Y . IfQy and 

W are trivial, then X is parallelizable if furthermore the extension class of 
(6), is trivial. This extension class lies in if"^(/*(f2y ® W)). If moreover we 
have a holomorphic bundle, the class lies in H^{Qy ® W) and X is complex 
parallelizable if and only ifY is parallelisable, W is trivial on Y , and (8) splits. 

Assume now that we have a holomorphic torus fibre bundle, thus we have 
the exact sequence 

(8') ^ fi^ ^ f,Q}x ^Q. 
We have the well known 
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Proposition 3.2. A dijferentiable bundle of d- dimensional tori is a principal 
holomorphic bundle if and only if we have an exact sequence 

(8') f,n\ ^ ^ 0. 

Proof. / is a holomorphic bundle if and only if the Kodaira Spencer class 
is identically zero, i.e., (8) is exact. In general (cf. jBPV84j) if T is a complex 
torus, we have an exact sequence of complex Lie groups 

^ T ^ AutiT) ^ M 1 

where M is discrete. Taking sheaves of germs of holomorphic maps with source 
Y we get 

^ n{T)Y n{Aut{T))Y ^ M 1 

and we know that holomorphic bundles with base Y and fibre T are classified 
by the cohomology group H^{Y,l-i{Aut{T))Y)- The exact sequence 

^ H\Y,n{T)Y) H\Y,n{Aut{T)))Y ^ H\Y,M) 

determines when a holomorphic bundle is a principal holomorphic bundle. 
In this case the cocycles are in H^(Y,T-C{T)y), i.e., they have values in the 
translation group, whence is a trivial bundle. 

Conversely, if W is trivial, we may first choose local coordinates (y) on a 
small neighbourhood U G Y and local coordinates (x) = {u', y) on X with 
f{x) = y, then we may choose a basis Wi{y), ..Wd{y) of W'^ , lift these to 
local holomorphic 1-forms on f~^{U), ui{y), ..uJd{y) and then take the linear 
coordinates Ui := J^Qy-^uJi{u',y). 

On the universal cover of f~^{U), we get functions {yi, ..ym), ■■Ud) whose 
differentials give a basis of Moreover, if we go to another open set V C 
Y, the new linear coordinates (fi, ..va) are such that Vi — Ui is a function of 

yeunv. □ 

In the case of a principal holomorphic bundle it is useful to write T = C^/A, 
where A = Z^'^, thus we have the exact sequence 

(9) ^ H\n{T)Y) H\Y, A) ^ H\Y, O^) ^ H\n{T)Y) ^H\Y, A). 

The significance of the homomorphism c is readily offered by topological con- 
siderations. 

In fact, the homotopy exact sequence of a bundle / 

(10)7r2(r) ^ 7ri(F) ^ 7ri(X) ^ 7r,{Y) ^ 1 

determines an extension 

(10')1^7ri(F)^n^7ri(r)^l 

where the action of iTiiY) on vri(F) by conjugation is precisely the monodromy 
automorphism. For a principal torus bundle the monodromy is trivial, indeed 
EI ® Oy is a trivial different iable bundle, thus the extension (10') is central, 
and is therefore classified by (A = 7ri(T), and F = T) a. cohomology class 
e e H\Y,K). 

The following situation is very interesting: let us consider a Stein manifold Y' 
whose cohomology group H'^{Y', Z) = 0, and a holomorphic map h : Y' ^ Y . 
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Then we may replace our principal bundle with compact base Y, with its pull- 
back via h. It follows from the previous considerations that the pull back is a 
product Y' X T (since A ^ Z"', and in view of (9) ). Actually, this holds more 
generally if the pull back to Y' of e is trivial. 

Noteworthy special cases may be : 

• Y' is the universal cover of Y, e.g. if y is a curve or a complex torus. 

• Y' is an open set of Y, for instance, if F is a curve, any open set 7^ Y 
satisfies our hypotheses. 

• Y' is (C*)*" and the pull back of the class e is trivial. 

Nevertheless, the case where F is a curve can be more easily described via 
the following construction (cf. e.g. [BPV84^ pp. 143-149) 

Example 3.3. Let Y be a complex manifold and let L be a principal holo- 
morphic {C*Y-bundle over Y, thus classified by a cohomology class ^ G 
H^{Y,OyY- Let us consider any complex torus T = C^/A, and let us re- 
alize it as a quotient {C*Y/N. Then we can form the quotient L/N, which is 
a holomorphic fibre bundle with fibre = T. 

Proposition 3.4. Any principal holomorphic torus bundle X over a curve Y 
is a quotient X = L/N of a suitable holomorphic {C*Y-bundle L over Y . 

Proof. It suffices (cf. loc. cit.) to show that there is a primitive embedding 
2 : Z*^ — > A and a class rj in H'^{Y, Z'^) such that the class e corresponding to 
X equals 2^,(77). Consider however that H'^{Y,A) = H'^{Y,Z) A: thus there 
is a primitive embedding of Z in A with the property that the fundamental 
class of Y maps to e. It suffices to extend the primitive embedding of Z to 
one of Z*^ into A, and define rj as the image of the fundamental class for the 
homomorphism induced by the embedding Z C Z"^. □ 

4. Small deformations of torus bundles 

Let us consider again briefly the case of a general differentiable torus bundle. 
Consider the exact sequence 

(12) ^ f*{w) ^Qx^ r(ey) 

and the derived direct image sequence 

(13)0 ^ (W) ^ /,0x ^ (Oy) ^ 
^ (V^ (E)W)^ n'f.Qx (0y) ® ^ 

^ (a2(v^) ^w)-^ n^f.Qx ^ (Oy) ® a2(v^) ^, 

where we used that n'^f,{Ox) = A^V"). 

Notice that the coboundaries are given by cup product with the Kodaira- 
Spencer class. Thus, in case where we have a holomorphic bundle, all rows are 
exact. 

Remark 4.1. In general, by a small variation of a theorem of E. Horikawa 
concerning the deformations of holomorphic maps, namely Theorem 4-9 of 
Cat91j . we obtain in particular that, under the assumption H^{{Qy) ® ^^) = 



0, we have a smooth morphism Def{f) Def{X) . 
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Let's now assume that we have a holomorphic principal torus bundle, thus 
W and V are trivial holomorphic bundles on Y. 

Proposition 4.2. Let f : X ^ Y be a holomorphic principal torus bundle and 
assume that iJ°(By) = 0. Then every small deformation of X is a holomorphic 
principal torus bundle over some small deformation ofY. 

Proof. Since V is trivial, by the previous remark, every small deformation 
of X is induced by a deformation of the map f : X ^ Y. 

That is, if we consider the respective Kuranishi families, we have a holo- 
morphic maps of Def{f) to Def{X), Def{Y), such that the first is onto and 
smooth. 

On the other hand, H^[f*W) is the subspace T^{X\Y) in Flenner's notation 
( cf. |Flen79j ) . kernel of the tangent map Def{f) — >■ Def{Y), thus we infer by 
the smoothness of Def{f) —>■ Def{X), and since we have an exact sequence 

^ H\f*W) H\ex) ^ H\Qy) ^ . . . , 

that we have indeed an isomorphism Def{f) = Def{X). 

Then we have a morphism Def{f) = Def{X) —>■ DefiY) and therefore, 
since any deformation of a torus is a torus, we get that any deformation of X 
is a torus bundle over a deformation of Y . 

However, the local system EI is trivial, and therefore it remains trivial also 
after deformation. Whence, it follows that also the bundles V , W remain 
trivial, since they are both generated by d global sections, by virtue of (3) and 
(5). 

Therefore the Jacobian bundles remain trivial, so all the fibres are isomor- 
phic and every small deformation is a holomorphic bundle. 

Since the classifying class in M) is locally constant, we finally infer 

that we get only principal holomorphic bundles. 

□ 

Remark 4.3. The cohomology group H^{f*W), by the Leray spectral sequence, 
has a filtration whose graded quotient maps as a subspace of 

H\W)®H\Y,'R}f,Ox®W) = H\0'^)®H\Y,0^®0'^)=H\Oi.)®C^'"^. 

The meaning of the above splitting is explained by the exact sequence (9): 
the left hand side stands for the deformation of the given bundle with fixed 
fibre, the right hand side stands for the local deformation of the torus T . 

A typical case where the previous result applies is the one where F is a curve 
of genus g > 2. 

Theorem 4.4. Let f : X ^ Y be a holomorphic principal torus bundle over 
a curve Y of genus g > 2, and with fibre a d-dimensional complex torus T . 
Then the Kuranishi family of deformations of X is smooth of dimension 3g — 
3 + dg + d"^ , it has a smooth fibration onto DefiY) x Def{T), its fibres over 
a point (Y',T') are given by the deformations parametrized by H^{Oy''^) and 
inducing all the holomorphic principal torus bundles over Y' with fibre T' and 
given topological class in H'^{Y\1?'^). 
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Proof. We can use proposition 3.4 to construct, fixed a multidegree m := 
(mi, ..rrid), a family J-'g^m with smooth base, parametrizing quotients X = L/N, 
where L is a (C*)^-bundle with multidegree m over a smooth curve Y. 

Here, the parameter N varies in a smooth connected d^-dimensional param- 
eter space for complex tori (C*)'^/A^, while the pair {Y,L) varies in the fibre 
product of the Picard bundles Pic^' over a universal family parametrizing all 
smooth curves of genus g. 

By the proof of our previous proposition, our smooth family J-'g^m has bi- 
jective Kodaira-Spencer map, whence it is locally isomorphic to the Kuranishi 
family Def{X). 

The other assertions follow then easily. 

□ 

Remark 4.5. Looking more carefully, we see that the choice of a multide- 
gree m := (mi,..mrf) is not unique. Indeed, one has a well defined element 
in H'^{Y,A) = Z) ® A = A, where the isomorphism is unique since a 

complex structure on Y fixes the orientation. Thus we have as invariant a 
vector in a lattice A = l?"^ , whose only invariant is the divisibility index /i ( 
we define fi = if the class is zero). 

Whence, we can reduce ourselves to consider only families Tg^^. 

5. Deformations in the large of torus bundles over curves 

As was already pointed out, the examples of Blanchard, Calabi and Sommese 
(cf. especially |Somm75j ) show that a manifold diffeomorphic to a product 
C X T, where C is a curve of genus g > 2, and T is a complex torus, need 
not be a holomorphic torus bundle over a curve. The deformation theory of 
Blanchard-Calabi varieties and, more generally, of differential torus bundles 
offers interesting questions (cf. jCat02j ). 

But, for the more narrow class of varieties which are holomorphic torus 
bundles over a curve of genus > 2 (this includes as a special case the products 
C X T, where T is a complex torus, which were shown in |Cat02j to be closed 
for taking limits) we have a result quite similar to the one we have for tori. 

Theorem 5.1. A deformation in the large of a holomorphic principal torus 
bundle over a curve C of genus g > 2 with fibre a complex torus T of dimension 
d is again a holomorphic principal torus bundle over a curve C of genus g. 

This clearly follows from the more precise statement. Fix an integer g > 
2, and a a multidegree m := {mi,..md) e Z'^: then every compact complex 
manifold Xq such that its Kuranishi family of deformations it : E ^ B enjoys 
the property that the set B" := {b\ Xb is isomorphic to a manifold in the 
family Tg^m considered in Theorem 4-4 } has as a limit point. Then Xq is 
also isomorphic to a manifold in the family Tg^m ■ 

PROOF. Observe first of all that i3" is open in the Kuranishi family B, 
by the property that the Kuranishi family induces a versal family in each 
neighbouring point, and by theorem 4.4. 
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Whence, by lemma 2.8 we can limit ourselves to consider the situation where 
S is a 1-dimensional disk, and there exists a sequence ^ such that X^^, 
Vz/, is a principal holomorphic torus bundle over a curve Ct^. 

CLAIM I The first important property is that, for such a holomorphic prin- 
cipal bundle X = X^,^ as above, the subspace /^* (if^(Ct^, C)) is a subspace V 
of H^{X, C), of dimension 2g, such that each isotropic subspace U of H^{X, C) 
(i.e., such that the image of A'^{U) H^{X, C) is zero) is contained in V. 

Moreover, if the bundle is not topologically trivial, V itself is an isotropic 
subspace, whereas, if the bundle is topologically trivial, then any maximal 
isotropic subspace has dimension g. 

In both cases, if an isotropic subspace U has dimension r and U + U has 
dimension 2r, then r < g. 

Proof of claim I. Assume that U is isotropic. Notice that we have an 
injection U G V (B W, where W injects into H^{F,Q) by virtue of the Leray 
spectral sequence yielding 

H\X,Q)/H\Y,Q) = ker{H\Y,n^Um) ^ H\Y,Q)). 

Observe that if°(F, 7^^/^,(Q)) = H^{F,Q) since we have a principal bundle, 
and moreover that the above homomorphism in the spectral sequence is deter- 
mined by the cohomology class e G H'^{Y,A). 

In particular, the above map is trivial if and only if the bundle is topologi- 
cally trivial. 

In this case follows by the Kiinneth formula that the wedge product yields 
an injection (W^V)® (A'^W) H\X, C) . 

Whence, if we have two non proportional cohomology classes with trivial 
wedge product in cohomology, (f i +Wi) A (^2 + ^2) = and we assume w.l.o.g. 
W2 7^ 0, then first of all 3 c G C s.t. wi = CW2- 

Then also c 7^ 0, f 1 = cf2, a contradiction. 

Assume now the bundle not to be topologically trivial: then 
i^°(y,7^V,(C)) ^ H^{Y,C)) is non trivial and H^{YX) maps to zero in 
the cohomology of A, thus V is an isotropic subspace. 

However, then the Leray spectral sequence at least guarantees that 
H^{Y, H%Y, 7^7,(C)) = V® H\F, C) is a direct summand in H\X, C). 

Since moreover W is killed by the linear form e : H^{F, Q) H^{Y, C) = C, 
{A'^W) embeds into the quotient H\X, C)/V ® H\F, C). 

Thus again we have an injection {W ®V) Q) (A'^W) H^{X,C), and the 
same argument as in the trivial case applies. 

STEP II. There is a morphism F : S — C, where C — S is a smooth family 
of curves of genus g. 

Proof of step II. 

We use for this purpose ideas related to the classical Castelnuovo - de Fran- 
chis Theorem and to the isotropic subspace theorem (cf. |Cat91j ). 
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From the differentiable triviality of our family S — > A and by Claim I follows 
that we have a uniquely determined subspace V of the cohomology of Xq, that 
we may freely identify to the previously considered subspace V, for each Xt^ . 

Now, for each we have a decomposition V — Ut^ ® Ut^, where Uf^ — 

By compactness of the Grassmann variety and by the weak 1-Hodge de- 
composition in the limit, the above decomposition also holds for Xq, and Uo 
is an isotropic subspace in H^[dOxo)- "^^^ Castelnuovo dc Franchis theorem 
applies, and we get a holomorphic map /o to a curve Yq of genus > g. But 
this genus must equal g, since we noticed in the statement of Claim I that if 
Uq isotropic, and Uq-\-Uq — Uq® C/q, then dim{Uo) < g. 

Consider the vector bundle f^,Qh^^. As in the proof of Lemma 2.4 we infer the 
existence of a vector (sub-)bundle 7i such that its stalk at t yields a subspace 
of H^{dOx,). 

We have a map of the complex vector bundle 7i 7i to the trivial vector 
bundle H\Xt, C) = V® W. 

Since the construction of the Kuranishi family can be done by fixing the 
underlying real analytic structure, we may assume w.l.o.g. that this map of 
complex vector bundles has real analytic coefficients. 

Now,Vt, by Step I, Ker{Ht Wl) has dimension < g, and dimension equal 
to g foT t = 0. 

Whence, this kernel provides a subspace Ut Vt in a neighbourhood of 0. The 
corresponding map to the Grassmann manifold is holomorphic in a non empty 
open set and real analytic, and is therefore holomorphic in a neighbourhood 
of 0. 

We can now put the maps ft together by choosing a basis of f*{Ut), and 
integrating these holomorphic 1-forms: we get the desired morphism F : S ^ C 
to the desired family of curves of genus g. 

FINAL STEP. 

We have produced a morphism F : E ^ y where y B is a family of 
curves. 

Moreover, the fibres of /o are deformations in the large of complex tori, 
whence, by theorem 2.1, these fibres are complex tori of dimension d. Consider, 
Vtjy the Kodaira -Spencer map of Yt^: it is identically zero in a neighbourhood 
of t,^, thus it is identically zero in a neighbourhood of 0. 

Whence, /o is also a holomorphic torus bundle, and it is also principal be- 
cause the cohomology group H^{Yt, M) is a subspace of the cohomology group 
H^{Yt, Aut(E.)), and as such the cohomology classes whose triviality ensure 
that a bundle is principal are locally constant in t. 

Q.E.D. 

Remark 5.2. Consider the family Tg^m of 'principal holomorphic torus bun- 
dles: it is an interesting question to decide which manifolds in the given family 
are Kdhler manifolds, and which are not. 
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6. HOLOMORPHIC TORUS BUNDLES OVER TORI. 

In this section we shall consider the case where we have a holomorphic 
principal bundle f : X ^ Y with base a complex torus Y — V/F of dimension 
m, and fibre a complex torus T = f//A of dimension d. 

In this case, our manifold X is a K{tt, 1) and, as we already saw, its funda- 
mental group 7ri(X) := n is a central extension 

(lo')i ^ A^n^r^ 1 

where the extension of F by A is classified by a cohomology class e G H^(Y, A). 

Tensoring the above exact sequence with M, we obtain an exact sequence of 
Lie Groups 

(lo')i ^A®M^n®M^r®M^i 

such that as a differentiable manifold our X is the quotient 

M := n® R/n. 

We want to give a holomorphic family of complex structures on M such that 
all holomorphic principal bundles f : X' ^ Y' with extension class isomorphic 
to e occur in this family. 

This construction is completely analogous to the construction of the stan- 
dard family of complex tori, parametrized by an open set 7^ in the complex 
Grassmann Manifold Gr{n,2n). 

To this purpose, we must explain the analogue of the First Riemann bilinear 
Relation in this context. 

In abstract terms, it is just derived from the exact cohomology sequence 

{9')H\Y,0^) = H\Y,n{U)Y) H\n{T)Y) H\Y,K) H\Y,n{U)Y) 

telling that the class e maps to zero in H'^(Y,H{U)y). This condition can be 
in more classical terms interpreted as follows: 

Remcirk 6.1. ( First Riemann Relation for prin. hoi. Torus Bundles) 

There exists an alternating bilinear map A : F x F — > A, (representing the 
cohomology class e uniquely) such that, viewing A as a real element of 

A^(r ® Ry ® (A ® R) = A'^{v e vy (g) ([/ e c7), 

its component in A^{Vy (U) is zero. 

Proof. By Dolbeault's theorem, the second cohomology group H^{Y, T-[{U)y) 
of the sheaf of holomorphic funtions with values in the complex vector space U, 
since y is a torus, is isomorphic to the space of alternating complex antilinear 
functions onVxV with values in U. It is easy to verify that the coboundary 
operator corresponds to the projection of the cohomology group 

H^Y, A (g) c) ^ H\Y, n{u)Y) = A^ivy ® (U). 

□ 

Definition 6.2. Given A as above, we define TBa as the subset of the 
product of Grassmann Manifolds Gr{m,2m) x Gr{d,2d) defined by TBa '■— 
{{V, U)\ the component of A in {A^{Vy {U)) is = 0}. 
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Remark 6.3. Observe thatTBA is a complex analytic variety, of codimension 

I I 1 m(m— 1) 

at most a — -. 

Proof. Wc may in fact choose a basis for F, resp. for A so that A is then 
represented by a tensor A^y Let as usual V correspond to a 2m x m matrix 
V ( thus the matrix (V, V) yields the identity of F ® C with arrival basis the 
chosen one and with initial basis Vi, . . . v^, Vi, . . . i*^. 

Our desired condition is that, 

V/i ^ i, Wh,i := [Sfc(Sij Vi^hAijVj^i)ek] G U. 

But this condition (observe moreover that Wh^i = —Wf^h) means that each 
vector Wh^^ is linearly dependent upon Mi, . . .Ufi. Locally in the Grassmannian 
Gr{d,2d) the condition is given by d polynomial equations. □ 

Definition 6.4. The standard (Appell- Humbert) family of torus bundles 
parametrized by TBa is the family of principal holomorphic torus bundles 
Xv^u on Y :— V/V and with fibre T :— U/A determined by the cocycle in 
H^(r,TC(T)Y) which is gotten by taking f-yiz) which is the class mod (A) of 
F,{z) -.^-Aiz,^) ,yzeV. 

RemEirk 6.5. Observe that we may write A as B + B, where 

B e [A''{vy ® ([/)] e [{V (8) vy (g) ([/)]. 

For later use, we write B = B' + B" , with B' e [A'^{Vy O (U)], B" e 
[(y ® Vy C?) (f/)], and will say that B" is the Hermitian component of A, and 
B' is the complex component of A. 

Clearly, 

• A{z, 7) = B{z, 7) , e y, thus F^{z) is complex linear in z with values 
in U. 

• F^{z) is a cocycle with values in T := U / A since 

^71+72 (^) - ^71 + 72) - F^,{z) = -F^i(72) = A(7i, 72) e A. 

Definition 6.6. The complete Appell- Humbert family of torus bundles 
parametrized by T'Ba is the family of principal holomorphic torus bundles 
Xv,u,<j> on Y := V/V and with fibre T := U/A determined by the cocycle in 
H^{T,T-t{T)Y) which is gotten by taking the sum of f^{z) with any cocycle 

cf) e H\r,o^) ^ H\r,n{u)Y). 

Remark 6.7. Observe that any 4> e H^{T, O^) = H\T, 'H{U)y) is represented 
by a cocycle with constant values in U . Therefore the cocycle f-y{z) + (f) is a 
linear cocycle (it is a polynomial of degree at most 1 in z). 

Theorem 6.8. Any holomorphic principal torus bundle with extension class 
isomorphic to e & i7^(F, A) occurs in the complete Appell-Humbert family 
T'Ba. 

Proof. Using sheaf cohomology, the proof is a standard consequence of the 
exactness of sequence (9)'. 

□ 
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Remark 6.9. The previous theorem is an extension to the torus bundle case of 
the classical theorem of linearization of the system of exponents for holomorphic 
line bundles on complex tori ( cf. |Sieg73| , pages 49-62 for an elementary proof , 
and |('-(y91j . page 38, for a simpler elementary proof). 

The above elementary proofs do not work verbatim here, since Sieg73| uses 



integrals which cannot be taken with values in T , and |C-C91j uses the existence 
of a maximal isotropic sublattice ofT( this no longer exists if A has values in 
a lattice A of arbitrary rank). 

Let us now indicate the modifications required in order to obtain an elemen- 
tary proof of theorem 6. 8. 

Proof, n. II 

We have a cocycle /^(-z) with values in T = f//A, and we can lift it to a 
holomorphic function F^{z) defined on the complex vector space V and with 
values in U . 

The cocycle condition tells us that 



^71+72 (^) - ^71 + 72) - F^,{z) = -F^i(72) = ^(71,72) e A, 
therefore dF^{z) is a cocycle with values in H°{V,d{0^)) C H\V,0^). 

By the classical linearization theorem there is a holomorphic 1-form g such 
that 

(// - 1) dF^iz) = g{z + 7) - g{z) + L,{z), 
where L^{z) is linear (polynomial coefficients of degree at most 1). 

Define ip{z) := dg{z): by (II-l) follows that iIj{z + 7) — ip{z) has constant 
coefficients, thus the coefficients of ip are linear (since their derivatives are 
A-periodic). 

Since moreover dip = d'^{g) = 0, it follows that there is a holomorphic 1- 
form Q with quadratic coefficients such that dQ = ip. 

Since d{g — Q) = 0, there is a holomorphic function $(-2) such that d^ = 
g-Q. 

Now, Fy is cohomologous to := — $(2; + 7) + $(2;). Now, dP^ = 
L^{z) + Q{z) — Q{z + 7), thereby proving 

Claim 1 The cocycle is cohomologous to a cocycle represented by P^, 
whose coefficients are polynomials of degree at most 3. 

We end the proof via the following 

Claim 2 The cocycle is cohomologous to a cocycle represented by G-y, 
whose coefficients are polynomials of degree at most 1. 

Here, the proof runs as classically, since the relation (valid for every cocycle) 



P^Az + 72) - P^Az) = P^,{z + 71) - P^,{z) 
shows that, if we choose a basis of C™ where T has basis ei, . . . e^, ti, . . . r^, 
then if Pg, is linear Vz = 1, . . . . m, it follows then that any P^ is linear. 

To linearize Pe,,Vi = l,...m, one can use the methods of solving linear 
difference equations as in |Sieg73| , pages 54-58. 



20 



FABRIZIO CATANESE UNIVERSITAT BAYREUTH 



□ 

The explicit standard normal form for cocycles is very useful to calculate 
several holomorphic cohomology groups of X: 

Theorem 6.10. The cokemel of ^ —>■ H'^{flx) is the subspace 

of which annihilates the image of the Hermitian part of A, i.e., of the 
component B" in [{V (g) Vy (U)]. 

It follows in particular that X is parallelizable if and only if the Hermitian 
part of A is zero. 

Proof. We have the exact sequence 

thus we immediately get that our cokernel is a subspace of the complex vector 
space . 

To see which subspace do we get, let us take a holomorphic 1-form uj and 
hft it back to the product y x T = C"* x T, with coordinates {z, u). 

Hence we write uj = a + (3 = T,iai{z.u)dzi + I^j(3j{z,u)duj. Since the 
coefficients are holomorphic functions of u, and by the previous exact sequence 
we infer that has constant coefficients, and that the coefficients of a depend 
only on z, we can write: cu — T,iai{z)dzi + T,j Pjduj . We also know that ii P — 
then the coefficients ai{z) are constant. 

The condition that a; is a pull-back from X is equivalent to 7*(a;) = a; V7 e 

r. 

Since "y{z,u) — {z + + f^{z)), our condition reads out as 

(**) a{z + 7) - a{z) = -/3 o df^{z) := -J:kPkA''{dz, 7). 

(**) implies that the coefficients of a may be assumed w.l.o.g. to be hnear 
homogenous functions of z, thus there is a complex bilinear function B* such 
that a = B*{dz,z). Comparing again equation (**), we infer B*{dz,'y) — 
-13 o A{dz,'-i). 

Since however we have [3 o A{dz, 7) = /3 o B{dz, 7) the above equation may 
hold iff B*{dz,^) = -/3 o B\dz,'y) and f3 o B"{z,'y) = V7, V^. Thus there 
exists an u with vertical part — (3 ii and only if (3 annihilates the image of B" , 
as claimed. 

□ 

Corollary 6.11. The space H^{dOx) of closed holomorphic 1-forms on X 
contains the pull- hack of H^{Qy ) with cokernel the subspace U* of U"^ which 
annihilates the image of A, i.e., U* = o ^4(2;, 7) = V7, \/z}. 

Proof. We know that there exists a holomorphic 1-form ou with vertical 
part (3 iS f3 annihilates the Hermitian part B" of A, and then we may assume 

UJ = P o B'{dz, z) + T,j(3jduj. 

Let us calculate the differential of uj: we get duj = (3 o B'{dz,dz). Since 
however B' is antisymmetric, we get that da; = if and only if /? o B'{z', z) — 
\/z, z' G V . Putting the two conditions together we obtain the desired con- 
clusion that /? should annihilate the total image of A. 
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□ 

Theorem 6.12. The cokernel of ^ H^{Oy) — ^ H^{Ox) is the subspace of 
which annihilates the image of the anti-complex component of A, i.e., of 
the conjugate of the component B' in [{h?Vy ® iU)]. 

Proof. We calculate H^{Ox) through the Leray spectral sequence for the 
map /, yielding the exact sequence 

(*) H\Oy) ^ H\Ox) ^ H^n'f^Ox) ^ H\Oy). 

We will interpret the above as Dolbeault- cohomology groups, keeping in 
mind that Tl^f^Ox is a trivial holomorphic bundle of rank d = dim{U). 

Let ?7 be a 9-closed (0, l)-form, which we represent through its pull back to 
V xT, with coordinates {z,u). 

Hence we write rj — a + (3 — T^iailz, u)dzi + 'Ej(3j{z, u)duj. 

The meaning of (*) is that is that rj is 9-cohomologous to a form such that 
the functions f3j are constant. Let us then assume this to be the case, and let 
us impose the two conditions d{ri) = 0, and that rj he a pull back from X. 

The first implies = 0, thus the functions ai{z,u) are holomorphic in 

u, hence they only depend upon z. 

Moreover then d{ri) = is equivalent to dz{a){z) = 0, and therefore is 
equivalent to the existence of a function (/){z) on C" such that dz{(l){z)) = 
{a){z). 

Then, the condition that 77 be a pull back means that 77 is invariant under 
the action of F such that 

z ^ z^-^, u + f^{z), 
whence it writes out as a{z + 7) — ol{z) — —'EkPkdf-y{z)k, or, equivalently, 
(* * *) d<l>iz + 7) - dcPiz) = -^kPkA'^il, dz). 

As before, we can write A as A' + A" where, B" being the Hermitian part 
of the tensor, A" = S" + S" . 

Assume first that (5 o B'{'y, z) :— T.k(5kB'^{li z) is identically zero: then 
13 o B" (7, z) = (3o A{^, z) and we simply choose (f) :— Po B" {z, z) which clearly 
satisfies equation (***). 

Then rj := d{(f){z)) + I^jjSjduj is a 5-closed 1-form on X with vertical part 

(3 = T^jPjduj. 

Conversely, the meaning of the exact sequence (*) is as follows: 

given any vertical part (3 = T^j(3jduj, we first find a differential (0, l)-form 
on X 

T] — a + (3 — 'Eiai{z)dzi + T^jPjduj with the given vertical part. 

Then, the vertical part comes from H^{Ox) only if its image in H'^{Oy), 
provided by 8(7]), is zero. 

For this purpose we have to solve the equation 



o^iiz + 7) - oii{z) = -T,kPkA''{'y, Si) = o A{-f, Si). 
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But an easy solution is provided by setting 



But now, d{r}) — da — — /3 o B'{dz, dz) which is a (0-2)-form with constant 

coefficients, and is therefore equal to zero if and only if all of its coefficients 
are zero, thus iff — /3 o B\v, dzw) = Vv, w e 1/, which proves our assertion. 

□ 

Remark 6.13. The previous theorem allows us to write explicitly the basis 
of the complete Appel- Humbert family. Locally on Gr{d,2d) we may assume 
after a permutation of coordinates that our subspace U is the space of vectors 
{{u',u")\u" = U*{u')}, for some {d x d)-matrix U*. 

Then our equations are: we consider the matrices (V, U*) and the vectors 
V G C"^, /5 G such that, in the notation of Remark 6.3, \/h ^ £, Wh,e '■— 
[{Eij Vi^hA,jVj^i)] satisfies 

Let us consider the easiest possible case, where m — 2,d — 1: then our 
parameter variety is a pull back of the variety in with equations 

w" = u*w', (3w' = 0, 

a product of C with {{(3,w') G f^w' = 0}, a reducible variety. 

In order to analyse the problem of describing the small deformations of prin- 
cipal holomorphic torus bundles over tori we need to calculate the cohomology 
groups of the tangent sheaf ©x- This can be accomplished by the above mul- 
tilinear algebra methods. 

For ease of calculations recall that the canonical bundle is trivial, there- 
fore, by Serre duality, it is sufficient to determine the cohomology groups 

Theorem 6.14. if"~*(Q^|y) fits into a short exact sequence 

^ cokerPn-i-i ^ H''-\n],\y) ^ ker(3n-i ^ 0, 

where j3i : ® W{Ox) ® H'^^^{Ox) is given by cup product and 

contraction with B" G [{V) O Vy O (U)]. 

Proof. Recall the exact sequence (6) 

(6) ^ /*Q^ ^n]^^ f*^ 

where 1^ is a trivial bundle, and the extension class is a pull back of the 
extension class of the sequence 

(8) ^ ^ f.Q], ^W^^ f,n],^y ^ 0, 

which coincides with the Hermitian component S" of A, as it is easy to verify 
( observe that B" G [{V) ® ® (U)] ^ ® C/ (g) Oy) = H\W ® Q].) C 

H\f*W ^ f*nlr)). 
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Therefore, in the exact cohomofogy sequence of (6), the coboundary operator 
is given by cup product with B" , whence we can write this exact sequence as 

whence the desired assertion follows. 

□ 

Corollary 6.15. H\Qx) fits into a short exact sequence 

^ cokerbi^i H^Qx) ^ kerbi 0, 

where hi : V^Wi^Ox) — ^ U ^H^^^{Ox) is given by cup product and contraction 
with B" e [{V) ®Vy ®{U)]. 

Proof. Serre duality. □ 

For completeness we state without proof a more general result than what 
we need 

Proposition 6.16. The Leray spectral sequence for the sheaf Ox and for the 
map f yields a spectral sequence which degenerates at the £'3 level and with E2 
term = {H\W f,Ox),d2), where da : {H\Wf,Ox) = H\A^{V)) = A'{V^) ® 
A^{U^) — > A*"^^(y^) (g) A^~^{U^) is provided by cup product and contraction 
with B' e A2(t7v) ® (U). 

We observe now some deformation theoretic consequences: 

Theorem 6.17. Let f : X ^ Y be a holomorphic principal bundle with 
base a complex torus Y — V/V of dimension m, and fibre an elliptic curve 
T (T — U/A has dimension 1). 

Assume moreover 7ri(X) := U to be a nontrivial central extension 

(lO')l ^ 1 

classified by a cohomology class e 7^ e H^{Y,A) whose associated bilinear 
form A has an image of dimension — 2. 

1 ) Then every limit of manifolds in the complete Appell- Humbert family is 
again a holomorphic principal bundle f : X' ^ Y' with fibre an elliptic curve 
T' , and thus occurs in the complete Appell- Humbert family (6.6 and 6.8). 

2) Every small deformation of such a manifold X is induced by the complete 
Appell- Humbert in the case where h^{Ox) = in. 

Proof. By corollary 6.11 wc get that H^{dOx)- the space of closed holo- 
morphic 1-forms on X equals the pull- back of H^\Qy) = H^^dOy) since the 
antisymmetric form A representing e is non zero. 

Likewise, again the Leray spectral sequence for cohomology shows that 
H^{X,C) contains the pull back of H^{Y,C) with cokernel equal to the sub- 
space of A^ annihilated by the image of A. This image is the whole A , whence 
61 (X) = bi{Y) and it follows immediately that f : X ^ Y is the Albanese 
map of X. 

Proof of assertion 1: By lemma 2.4 and cor. 2.5 any limit X' in a 1- 

parameter family Xt of such holomorphic bundles has a surjective Albanese 
map f : X' ^ Y' onto a complex torus Y' — V'/F of dimension m. 
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Since any deformation in the large of an elliptic curve is an elliptic curve, 
the general fibre of /' is an elliptic curve. 

We are done if we show that /' is a submersion, since an elliptic fibration 
without singular fibres is a holomorphic bundle. Moreover, since we have that 
the small deformations of /' : X' — > Y' contain principal holomorphic bundles, 
then the same thing holds for f : X' ^ Y' . 

That /' is a submersion follows by purity of branch locus (cf. jMumTSj): we 
would have then a ramification divisor Rq for the central fibre, but Rt^ = for 
the special fibres, yielding the same contradiction as in the proof of theorem 
2.7. 

Proof of assertion 2: 

It suffices to show that every small deformation X' of X has an Albanese 
map f : X' ^ Y' onto a complex torus Y' = V /T of dimension m. 

However, by semicontinuity, h^{Ox') < on the other hand we may apply 
lemma 2.3 to conclude that X' has a very good Albanese map, and again by 
purity of branch locus we conclude that we have a submersion. 

□ 

Remark 6.18. We are interested more generally to see whether the complete 
Appell Humbert family, which does not have a smooth base, but is pure of 
dimension m? + m, has surjective Kodaira- Spencer map (this is a first step 
towards the proof of its versality). It is necessary for this purpose to calculate 
the cohomology group H^{Qx) in an explicit way. 

We write, according to theorem 6.12, H^{Ox) = iV^) ® ker{B'), where we 
see B' as a linear map {B') : (f/^) A^(V"^). 

We have then , according to corollary 6.14, an exact sequence 
V -> U^iV'fSkerB') H^Qx) ^ V®{V'' ®kerB') U®{A\V'')®{V'' ®{kerB')) 
where the first and last map are given by contraction with B" . 

We first analyse when holds the desired dimensional estimate dimH^{Qx) = 
+ m. 

Case 1 : B" is zero, whence X is parallelizable, thus dimH^iQx) = (m + 
l)h^{Ox)- But in this case B' is non zero, whence h^{Ox) = fn and we are 
done. 

Case 2: B" ^ and B' ^ 0, then h^{Ox) = rn and thus follows 
dimH^iQx) < (m + l)h^{Ox) = m{m + 1). 

We omit the not difficult verification that in both cases the Kodaira Spencer 
map is surjective. 

Case 3. B' = , and B" ^ 0. In this case A = B" +B" , whence we observe 
that the image of B" has dimension = 1. 

We leave aside this case, where plays a role also the rank of the antisym- 
metric matrix B" . 

We finally describe the most well known example of such elliptic bundles over 
2-dimensional tori, namely, the so called Iwasawa manifold (cf. |K-M71j . 
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One lets N (biholomorphic to C'^) be the unipotent group of 3 x 3 upper 
trangular matrices with all eigenvalues equal to 1. 

N contains the discrete cocompact subgroup 11 which is the subgroup of the 
matrices with entries in the subring A C C, A := Z[i]. 

Obviously, X := N/U is a fibre bundle / : X — C^/A^, where / is induced 
by the homomorphism F : N ^ C'^ given by the coordinates Zu, Z23- 

X is parallelizable being a quotient of a complex Lie group by a discrete 
subgroup. 

Moreover, in our case, the alternating form A is gotten as the antisym- 
metrization of the product map C x C — > C , which induces A x A — > A. 

Thus in this case there is no Hermitian part, confirming the parallelizability, 
and then h\Ox) = 2 , and dimH^Qx) = 6. 

That's why the Kuranishi family of X is smooth of dimension 6, and gets 
small deformations which are not parallelizable (cf. |Nak75] ). 

7. Blanchard -Calabi Manifolds 

The Sommese-Blanchard examples ( jBla53j . |Bla56j . |Somm75] ) provide non 
Kahler complex structures X on manifolds diffeomorphic to a product C x T, 
where C is a compact complex curve and T is a 2-dimensional complex torus. 

In fact, in these examples, the projection X C is holomorphic and all the 
fibres are 2-dimensional complex tori. 

Remark 7.1. Start with a Sommese-Blanchard 3-fold with trivial canonical 
bundle and deform the curve C and the line bundle L in such a way that the 
canonical bundle becomes the pull back of a non torsion element of Pic^{C): 
then this is the famous example showing that the Kodaira dimension is not 
deformation invariant for non Kahler manifolds ( cf. [Ue80 ). 

Also Calabi f jCal58j ) showed that there are non Kahlerian complex struc- 
tures on a product C x T . 

We briefly sketch (cf. |Cat0'2] for precise results in the case where the base 
manifold F is a curve and X has dimension 3) how to vastly generalize these 
constructions. 

Definition 7.2. (BLANCHARD-CALABI Jacobian MANIFOLDS) 

Let Y be a compact complex manifold, and let W be a rank d holomorphic 
vector bundle admitting 2d holomorphic sections o"i, (J2, .., (y2d which are every- 
where M.-linearly independent. 

Then the quotient X ofW by the 1?'^ -action acting fibrewise by translations : 
w —>■ w-\-'Ei=i^„2d niai is a complex manifold diffeomorphic to the differentiable 
manifold Y x T, where T is a d- dimensional complex torus. X will be called 
a Jacobian Blanchard-Calabi manifold. 

Remark 7.3. The canonical divisor of X equals Kx = tt*{Ky — detW), where 
IT : X ^ Y is the canonical projection. Moreover, if Y is Kahler, X is Kahler 
only if the bundle W is trivial (i.e., iff X is a holomorphic product Y xT ). 
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Indeed, if d = 2, one has h^{Q\-) = /i°(f2y) unless W is trivial, as follows 
from the dual of the sequence (5) 

Proof. 

If X is Kahler, then, since the first Betti number of X equals 2d + 2/i°(Qy), 
then it must hold that h^{^x) = /i°(lly) + d, in particular h^{W"^) > d . 

But (W^^) is a subbundle of a trivial bundle of rank 2d, whence d linearly 
independent sections of (W"^) yield a composition {Oy)'^ (H^^) (Oy)^*^ 
whose image is a trivial bundle of rank < d. 

Indeed the rank must be d, else the d sections would not be C-linearly 
independent. 

Assume now that h^CW"^) = r: then the corresponding image of the compo- 
sition {OyY {W"^) {Oyf'^ would be a trivial bundle of rank r, thus {W^) 
has a trivial summand of rank r . Then we have a direct sum {W"^) = Ir®Q 
and dually is a direct sum 1^ © Q^. We use now the hypothesis that there 
are 2d — 2r holomorphic sections of W which are M- independent at any point: 
it follows then that if d = 2 and < r < d = 2, then has rank 1 and admits 
holomorphic sections which are everywhere M- independent, thus it is trivial. 

□ 

Definition 7.4. Given a Jacobian Blanchard-Calabi manifold tt : X ^ Y, any 
X -principal homogeneous space tt' : Z ^ Y will be called a Blanchard-Calabi 
manifold. 

Remark 7.5. Given a Jacobian Blanchard-Calabi manifold X ^ Y, the as- 
sociated X - principal homogeneous spaces are classified by H^{Y, W). 

Thus, the main existence problem is the one concerning the Jacobian 
Blanchard-Calabi manifolds. 

Proposition 7.6. Let G he the d^- dimensional projective Grassmann variety 
GP((i — l,2(i — 1) of d — 1-dimensional projective subspaces in p^^^-i. The 
datum of Jacobian Blanchard-Calabi manifold f : X ^ Y is equivalent to the 
datum of a "totally non real" holomorphic map h : Y ^ G, i.e., such that 
the corresponding ruled variety Rh given by the union of the d — 1-dimensional 
projective subspaces h{y) has no real points. 

Proof. 

Let G be the Grassmann variety G¥{d — 1, 2d — 1) = Gr{d,2d), so G 
parametrizes the d-dimensional vector subspaces in C^*^: observe that the da- 
tum of an exact sequence 

^ y ^ {Ocf'^ 

is equivalent to the datum of a holomorphic map h : Y ^ G, since for any 
such / we let V, W be the respective pull backs of the universal subbundle U 
and of the quotient bundle Q. 
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The condition that the standard 2d sections are M-hnearly independent 
means that there is no ?/ e F and no real vector v G M^'^ such that v be- 
longs to the subspace corresponding to h{y). □ 

If h is constant, W is trivial and we have a product. 

Else, we assume for simplicity that h is generically finite onto its image, and 
we consider the deformation of the holomorphic map h. 

We have the following exact sequence: 

o^&Y^ {free ^ AT, ^ 0, 

where Nh, the normal sheaf of the morphism h, governs the deformation theory 
of the morphism h, in the sense that the tangent space to Def(h) is the space 
H^{Nh), while the obstructions lie in H^{Nh). 

By virtue of the fact that 9^ = Hom{U, Q), and of the cohomology sequence 
associated to the aboce exact sequence, we get if°(6y) H^iV"^ ^W) — > 
H'^iNh) H\Qy) H\V^ ®W) ^ H\Nj) 0, and we conclude that 
the deformations of the map are unobstructed provided H^iV"^ ® W) = 0. 

In |Cat02j we saw that this holds, in the special case where W = L(BL, ii the 
degree doiL satisfies d > g. We showed in this way that ii d > g the dimension 
of the space of deformations of the map / is given by 3(7 — 3 + 4/i°(2L) = 
4:d + l — g, and this number clearly tends to infinity together with d = deg{L). 

Whence we got (loc. cit.) the following 

Corollary 7.7. The space of complex structures on the product of a curve C 
with a four dimensional real torus has unbounded dimension. 

As a corollary of our theorem 4.1 we also obtain 

Corollary 7.8. The space of complex structures on the product of a curve C 
of genus g > 2 with a four dimensional real torus contains manifolds which 
are not deformation equivalent to each other, namely, Blanchard-Calabi 3-folds 
which are not Kdhler and holomorphic principal bundles in the family Tgt^. 
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